MATH213 Exam 2 Yuffa’s Solutions

2 3 pl—2?
/ / / 5ze% dx dz dy.
o J1 Jo

1. (15 points) Evaluate

Solution:

2 3 pl—z?
/// 5zesyd$dzdy—/ / 5zxe3y| vl dzdy—/ / 5e3y dzdy
o J1 Jo
— 5e3y(z——z—> dy :—80/ ¥ dy
/0 2 4 z=1 0

y=2
_ | | %

3

y=0

2. (10 points) Evaluate

a \/a2_y2 \/a2_x2_y2
/ / / (%2 + y*2 + 2°) dz dz dy.
—aJO —

a2 —x2q2

Solution:

\/a2_y \/a2—x2—y a £/ a?—y? 2.2 2,2 4
/ / / xz—l—?fz—i-zg)dzdxdy:/ / (:pz +&+Z—)
a?—x2— —aJ0 2 2 4
a pyfa2—y?
= / / Odxdy = @
—a JO

You could have seen that the integral is going to vanish because the integrand in an odd function in z and
you are integrating on a symmetrical interval.

2=/a?—a?—y?
dx dy
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3. (20 points) Find the surface area of the part of the paraboloid y = 32% + 322 that lies inside 22 + 22 = 2.

Solution:

Surface Area = //\/(yx)2 + (y.)* + 1dzdz, where D is a disk of radius v/2
D

_ //\/(695)2 +(62)> + 1dz dz
- 7/\/36 (22 + 22) + Ldzdz (1)

Substituting = rcos#, z = rsinf and dzdz = rdrdé into (1) yields
27 \/i
Surface Area = / / V36r2 4+ 1rdrdf
o
:5/ / Vududd, where v = 361?41 and du = 72rdr
o J1

_ %(73\/%—1).

4. (10 points) Evaluate
/ F . d7,
c

where ﬁ(x, y) = 2zyt + 22 + k and the curve C is given by () =t + 3 + th,0<t<1.

Solution:
7 =1+ 1%) + th F (7)) = 26% + t'5+ k
dr . H . .
d_:;:2ﬁ+3t25+k Fodi= (2t5i+t4j+k> - <2ti+3t23+k>
1
dr = <2ti+3t2j+k)dt /F-dF—/ (7t° +1) dt = 2]
C 0
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5. (20 points) Use spherical coordinates to find the volume of the solid that lies within the sphere 22 +y%+2? = 4
and above the xy-plane and below the cone z = 4/ ’”—; + %

Solution: Figure 1 shows the volume of the solid that lies within the sphere 2% + % + 22 = 4 and above the

2 2
ry-plane and below the cone z = /% + %

y
1012
_E__,-ﬂ—]y-—rrrr””“'r'”‘

15

10z

05

0.0

Figure 1: The half-sphere is shown in light blue color and the cone is shown in red color.

. . _ . . . . _ . 2 2 2 - 2 2 .
Substituting z = psin¢cosf, y = psingsinf and z = pcos ¢ into v° + y* + 2° =4 and z = /5 + % yields

p*sin® ¢ cos® @ + p? sin® ¢ sin® O + p? cos® ¢ = 4

p?sin’ ¢
pCos P = 3
p*sin® ¢ + p?cos® ¢ = 4 tan¢ = V3
p = 2 (sphere) ¢ = g (cone).
Thus,

27 3 2 8 27 3
/ / /p281n¢dpd¢d9:—/ /sinqﬁdgbd@
o Jz Jo 3Jo Jsz
27
§/ Lo
3o 2

81

3
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6. (10 points) A particle starts at the point (—3,0) moves along the z-axis to (3,0) and then along the semicircle
y = V9 — 22 to the starting point. Use Green’s Theorem to find the work done on the particle by the force
field

ﬁ(:r7 y) = 24z + (82° + 24ay?) j.

Solution: We apply Green’s Theorem,

%ﬁ-dF://(VXﬁ)J}dA,

to the region shown in Figure 2 to obtain
(v x ﬁ) B=2 (82° + 24ay?) — 9 (242) 7§ F.dF = / / (2427 + 24y%) dA
ox dy

T 3
— o4g? 4 o4y _ / / 2472 dr 46 — [4867]
0 0

y =19 — 22

Figure 2: The region used in Green’s Theorem is shown in blue color.
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7. (5 points) Find the Jacobian of the transformation, x = bassin 3, y = 4« cos 3.

Solution: The Jacobian is given by

5sinf3  bacos 3
4cos B —4dasinf

Ta Ip
Ya Yp

J=

' = —20asin? f — 20a cos® § =

8. (10 points) If a force F' is given by
F=(2*+y +2%)" (2,,2),
where n > 1.

(a) Find the curl F.

Solution: Let s = 22 + 4% + 22 then

0 0

Vo Fmi [ = )| <3| g (o) - )|

I
~>

1

) [nzs”’ Sy — nys”’lsz} -3 [nzs”’lsx - n:vs”flsz] +k [nys”’lsx —nxs"”

Substituting s, = 2z, s, = 2y and s, = 2z into (2) yields

VxE=0
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(b) Find the potential function, f.

Solution: A potential function exists because V x F=0. Thus, we can write F= V f(x,y, z) which yields

folz,y,2) = (x2 +y? + z2)n (3)
folw oy, 2) =y (2* +9° +2%)" (4)
fo(x,y,2) =2 (ZE2 + %+ 22)n (5)

Integrating (3) w.r.t z with u = 2% + y? + 22 and du = 2zdz yields
(2% 4+ 92 + 22)"
2(n+1)

flz,y,2) = +9(y, 2), (6)

where g(y, z) is an arbitrary function of y and z. Differentiating (6) w.r.t y yields

fo@y,2) =y (@@ +y*+22)" + g,(y, 2). (7)

Equating (7) with (4) yields g,(y, z) = 0. Integrating g,(y, z) = 0 w.r.t y yields g(y, z) = h(z), where h(2) is
an arbitrary function of z. Substituting ¢(y, z) = h(z) into (6) and differentiating w.r.t z yields

fx,y,2) =2 (332 + 9+ 22)n + ' (2). (8)

Finally, equating (8) with (5) yields h'(z) = 0, thus, h(z) = K, where K is a constant of integration. Therefore,

(22 + 9% + 22)n+1

+ K, where K is a constant of integration.

(¢) In part (b) let n = 0 and use the Fundamental Theorem for Line Integrals to find the work done by the
force F' on a particle when it moves along the line segment from (0, 4,0) to (0,0, 2).

Solution: For n = 0 case, we still have V x F= 6, thus, the field is still conservative. Therefore,

W:/F'dF:/Vf(ivay,Z)-szf((),Oa?)—f(Oa‘l’O): (EJFK)_(?”() ==
C C
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